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Abstract Intramolecular vibrational dynamics of poly-
atomic molecules in solution can be addressed through
normal mode analysis based on either equilibrium normal
modes (ENMs) or instantaneous normal modes (INMs).
While the former offers a straightforward way of examining
experimental spectra, the latter provides a decoupled short-
time description of the vibrational motions of the molecule.
In order to reconcile both representations, a realistic
assignment of the INMs in terms of the ENMs is needed. In
this paper, we describe a novel method to assign the INMs
using the ENMs as templates, which provides a unique
relationship between the two sets of normal modes. The
method is based specifically on the use of the so-called Min-
Cost or Min-Sum algorithm, duly adapted to our problem, to
maximize the overlaps between the two sets of modes. The
identification of the INMs as the system evolves with time
then allows us to quantify the vibrational energy stored in
each INM and so monitor the flows of intramolecular
vibrational energy within the solute molecule. We also
discuss the degree of mixing of the INMs and characterize
the way they change with time by means of the corre-
sponding autocorrelation functions. The usefulness of the
method is illustrated by carrying out equilibrium molecular
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1 Introduction

Understanding the vibrational motions of a polyatomic
molecule in solution is critical in describing the intra-
molecular energy redistribution and intermolecular energy
transfer processes that take place during the vibrational
relaxation of the solute molecule. Recent advances in
ultrafast infrared—Raman techniques have been shown to
provide a remarkably detailed description of the vibrational
energy flows throughout polyatomic molecules in liquids
[1-13]. Transient spectroscopic data give quantitative
measures of the instantaneous populations of all the
observed vibrations of the molecule in real time. The
information extracted from these experiments is usually
discussed in terms of the vibrational spectra assigned using
the standard equilibrium normal modes (ENM). However,
since the definition of these modes is based on the second-
order expansion of the potential energy function of the
isolated solute molecule about its equilibrium configura-
tion, their ability to describe the intramolecular vibrational
dynamics of the molecule in aqueous solution at room
temperature in terms of individual normal modes seems to
be questionable [14].

Structural perturbations caused by the interaction of the
solute molecule with the solvent and by the effect of the
thermal energy stored in the molecule produce, in fact,
large conformational changes driven by the vibrational
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dynamics anharmonicities. This behavior is particularly
well known in biomolecules, where rugged energy land-
scapes indicate the presence of a very large number of
nearly isoenergetic conformations, which are accessible in
solution at room conditions [15-18]. Mode couplings have
indeed been revealed as a basic requirement to describe the
vibrational energy transfer and vibrational absorption
spectra of proteins [19, 20]. The effect of anharmonic
motions in the vibrational dynamics of macromolecules has
also been extensively studied by Go and co-workers [21—
23], who use the ENMs and conclude that while high-
frequency ENMs preserve significant harmonic aspects,
low-frequency modes remain essentially anharmonic.

The inherent structures of large systems can be deter-
mined through molecular dynamics simulations by
quenching the instantaneous structures to local minima of
the potential energy surface. The so-called Quenched
Normal Modes (QNMs) [24-29] can be therefore calcu-
lated by diagonalization of the corresponding Hessian
matrices. Furthermore, QNMs can be evaluated for super
molecules, including the solute molecule and its first sol-
vation shell. However, the QNMs do not provide an
expression for the vibrational energy of the molecule as a
sum of individual contributions from every single mode at
the instantaneous configurations of the solute molecule. We
also note that the presence of the solvent can increase the
number of conformers, each with a different set of QNMs,
significantly. Another approach to deal with the vibrational
dynamics, which is far from the equilibrium configuration,
consists of calculating effective quadratic force constants
by averaging on the potential of mean force at a given
temperature. This method is called the quasi-harmonic
approximation [30-32], and although it can deal with the
effective force constants as a function of temperature, its
application to nonequilibrium molecular dynamics simu-
lations is not straightforward.

The strong couplings emerging between the ENMs of
the solute molecule when it executes wide amplitude
vibrational motions severely complicate the interpretation
of the vibrational dynamics of the molecule in terms of
individual contributions of each mode. The same happens
with the vibrational energy flows, which cannot therefore
be quantified in terms of the energy stored in each indi-
vidual ENM. Achieving this is, however, essential to
describe the evolution with time of the excess of vibra-
tional energy deposited in a given mode, both for the
understanding of the process and above all because this
energy can now be experimentally tracked by ultrafast
infrared—-Raman spectroscopy, thus making direct com-
parison with the experiment possible. One way to tackle
this problem is to use the instantaneous normal modes
(INMs), which are those obtained by diagonalizing the
Hessian matrix of the potential energy function at every
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instantaneous configuration of the molecule. The INM
theory was originally developed to study short-time
dynamics properties of liquids [33—44], where it is shown
to provide a conceptually and computationally simple
harmonic picture of the system, and it has been extended
later to study the vibrational dynamics of polyatomic
molecules in solution [14, 26, 29, 45, 46-49], thus wid-
ening its range of applications.

The INM formalism is based on the fact that, at any
instant, intramolecular vibrations closely resemble a set
of well-defined and independent harmonic oscillators.
Accordingly, the INMs change as the configuration of the
molecule evolves with time, and this INMs evolution can be
related to time-resolved spectroscopic observables. In this
respect, for instance, time correlation functions obtained
using INMs have been calculated and tested for a variety of
atomic and molecular liquids [34, 50-56]. Clearly, a single
set of INMs cannot represent the long-time dynamics of the
solute molecule, since its validity is limited to the vicinity of
the configuration from which the set has been extracted. It is
necessary then to compute successive sets of INMs of the
evolving molecule from molecular dynamics simulations
and find a meaningful way to connect them, and this
requires in turn an efficient method to assign and, therefore,
identify the individual INMs .

The simplest way to identify the INMs with time is to
sort them by increasing frequencies, provided that the INMs
are calculated at time steps short enough to get a smooth
variation. Even in this case, however, the identification of
the INMs based on their history poses some difficulties that
make it impractical [36]. These difficulties arise basically
from the fact that the time-dependent vibrational frequen-
cies of the INMs may become very close and even cross
with either significant or no effects on the INM definitions,
thus complicating their identification severely. Accord-
ingly, a more efficient method of identification of the INMs
with time must be devised based on the specific assignments
of the INMs at every time step of the MD simulation.

In this paper, we extensively develop a novel method
previously proposed by our group [48, 49] to track the
identity of the INMs over time, which is based on the use of
the ENMs as templates to assign the INMs at a given time.
The method therefore reconciles the descriptions of the
vibrational dynamics based on both sets of modes and pro-
vides, in addition, a unique relationship between them. To
illustrate the method, we perform equilibrium MD simula-
tions of the deuterated N-methylacetamide (NMAD) mole-
cule in D,O solution. The choice of this system is guided by
the large number of experimental [2, 3, 13, 57-62] and theo-
retical [14, 29, 46, 59, 63—-68] studies that it has received and
which validate the NMAD molecule as a simple model for
the amide bond in peptides and proteins. The paper is then
organized as follows. In Sect. 2, we review the fundamental
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aspects of the INM methodology, present the algorithm
proposed to identify them, and give the computational details
of the MD simulations carried out for the NMAD/D,O(1)
system. Section 3 is devoted to discussing the results
obtained from the application of the INM identification
method to the NMAD/D,0O(]) system and finally the sum-
mary and the conclusions are given in Sect. 4.

2 Methodology
2.1 Instantaneous normal mode formalism

For a given polyatomic solute molecule in a solvent bath,
the total energy of the system can be written as follows

Ew = Es + Eg + V; (1)

where Eg and Ejp are the energies depending, respectively,
on the solute and bath coordinates and Vj is the interaction
energy. By neglecting the rotational-vibrational couplings
of the solute molecule [46], its energy Eg can be expressed
in turn in the form

ES _ Etsrans _’_Egot + Egib (2)

where E‘S”‘“S, ETS‘”, and E§ib are the translational, rotational,
and vibrational energies of the solute, respectively.

Let us focus our attention on the vibrational energy of
solute E¥®. Using the standard equilibrium normal coor-
dinates Q° = (Qf,...,0%) to describe the vibrational
motion of the molecule, we write the vibrational energy
E® as follows

E;lb 5 Z

where N is the number of vibrational coordinates, and Vs (Qf)
is the intramolecular potential energy function. The ENMs
are, by definition, the eigenvectors of the cartesian Hessian
matrix of Vg evaluated at the equilibrium geometry of the
solute molecule. They thus provide a decoupled harmonic
description of the vibrational motions at configurations
which are close to the equilibrium geometry, and the
vibrational energy of the solute can be then approximated
as a sum of one-mode vibrational energies as follows

Jr Vs(Q°) 3)

N

B =3 B @
i=1
where
1 e
BN = TPV = SOV L@
i=1 N

PET)

and A; are the equilibrium normal force constants.

The solute molecule in solution may explore in any case
configurations, which are quite far from the equilibrium
geometry, with the corresponding enhancement of the
vibrational couplings between the ENMs. This eventually
deteriorates the separable description provided by the
ENMs and rules out the use of Eq. (4) to evaluate the
vibrational energy of the solute molecule in terms of
the individual normal mode contributions. This problem
can be addressed by introducing the INMs, which are
defined as the eigenvectors of the cartesian Hessian matrix
of the potential V = Vg 4 Vj, computed at snapshot con-
figurations generated, for example, during Molecular
Dynamics (MD) simulations of the system. These modes
provide an instantaneous decoupled second-order descrip-
tion of the vibrational motions of the solute molecule as it
evolves over time.

In the assignment of the INMs, it is convenient to
express these in terms of the ENMs. To do this, we first
expand the potential V in a power series of the ENMs about
the instantaneous configuration of the molecule at a given
time ¢, as follows

N N
: (1) +ZK 07 — Qi (1)) +%ZZKU'(Q?

i=1 j=1
— Qi (1))(QF — Q5 (1)) +

V=V(Q

(6)

where K; and Kj; are the corresponding linear and quadratic
ENM force constants. Then, in a second step, we
diagonalize the resulting ENM Hessian matrix K,

L'KL = ), (7)

in order to determine the vibrational frequencies v; =

V/%:/2m of the INMs, and the eigenvector matrix L, whose
elements relate the INMs with the ENMs as follows

ZJ,Q — Q1)) i=1,...,N (8)

Since the L matrix is orthogonal, the inverse trans-

formations to Eq. (8) reads
N
=> O+ Q) j=1,...N 9)
=1

and by differentiating this expression with respect to time,
we obtain the relationship between the momenta

N
0 => ;oM™ i=1,..N (10)
i=1

Also it can be easily shown that the vibrational kinetic
energy transforms in terms of the INM momenta as
follows
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o1 N 1 & INM INMs simply sorting them by increasing frequencies has
™ =— ) == 11
2;(Q, =5 ; Q (11) been revealed to be useless [36, 48, 49].

As far as the potential energy function is concerned, after
substitution of Eq. (9) into Eq. (6) and proper use of Eq.
(7), we get the following expression for V up to second
order in terms of the INMs,

1 - INM 2
v_v0+5;;,[(gi +a;) (12)

where a; are the coordinate shifts given by

1 &
a= Z LN (13)
and Vj is the shift-corrected equilibrium potential
1 &
— © 2
= V(@) ~3 (14)

The vibrational energy of the solute molecule (Eq. (3)) can
be then approximated by the expression

N
Ef* =Vo+ Y EM (15)
i=1
where
1, . 1
E}NM — T[INM 4 V,H}:I};[ — E(QENM)Z 4 E)Li(Q,I‘NM + d,‘)z
i=1,..,N (16)

The vibrational energy of the solute EY® is thus decom-
posed into single INM contributions, provided, as is the
case, that V; fluctuates around a constant value [14].

2.2 Instantaneous normal modes assignment

The fact that the INMs provide a decoupled harmonic
description of the vibrational motions of the solute mole-
cule at any instantaneous configuration is fundamental to
evaluate the averaged energies and populations of the
vibrational modes of the molecule as a function of time and
thus compare them with the observed values extracted from
time-resolved infrared—Raman experiments. To achieve
this, it is clear then that the INMs have to be identified as
they evolve with time, and this is not a simple task since
the complexity of the potential energy function of the
molecule may cause them to vary substantially with time
and, eventually, to mix them strongly, inducing crossings
between them when some of their time-dependent fre-
quencies come close [36]. This is essentially the reason
why previous applications of the INMs have been restricted
to studying short-time dynamical properties of the system
[34, 50,69, 70]. In this context also, the identification of the
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The identification of the INMs as they evolve with time
can be made by assigning them properly at each instanta-
neous snapshot and by using the corresponding assignment
labels to connect the successive sets of INMs. The ENMs
become in this respect the natural candidates to track the
identity of the INMs over time [48, 49]. Accordingly, we
assign the INMs at each instantaneous configuration by
analyzing the relative values of ll.zj coefficients which,
according to Eq. (8), measure the weight of the ith ENM in
the jth INM. Depending on the contributions of the ENMs,
the resulting INMs can be classified as pure or mixed [48,
49]. In a pure INM, one of the lizj coefficients is dominant so
the INM is quite similar to the corresponding ENM. A
mixed INM includes, however, significant contributions
from different ENMs. The pure INMs are easy to identify
at any time during the simulations and basically mimic the
well-defined motions of the molecule associated with the
dominant ENM. In contrast, the mixed INMs are difficult
to identify due to the variations with time of their sparse
ENM contributions. These modes sometimes appear as
groups of modes which exchange the contributions of a
given number of ENMs, displaying complicated motions of
the molecule.

In our previous works [48, 49], we have shown that the
assignment of the INMs based on the selection of the
highest values of the corresponding 112] coefficients is not
practical since it may give assignments of different INMs
to the same ENM, which complicates the connection with
the next set of INMs. To identify the INMs over time in
terms of the ENMs, it is therefore necessary to establish a
one-to-one correspondence between both sets of modes,
and this can be done by selecting those elements of the L
matrix, one for each row, and each pertaining to a dif-
ferent column, which maximize the sum of their squared
values. This is, in fact, a variant of the well-known Min-
Cost or Min-Sum assignment problem, which in general
states the following: given an N x N cost matrix
C = {c;}, with ¢;; > 0 for all i and j, assign each row to
one column, and viceversa, so as to minimize the cost
given by the sum of the row-column assignments. The
Min-Cost assignment problem consists therefore of find-
ing a permutation (f;) of the integers 1,2,...,N which
minimizes the trace z given by

N
=) ay (17)
i=1

and can be efficiently solved using the so-called Hungarian
algorithm [71]. For a given matrix, this algorithm then
provides a set of elements, each one belonging to a dif-
ferent row and column, whose sum is minimal. So, in order
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to maximize z, as required in our case, we apply the
algorithm to the matrix of negative values of the ll.zj
elements, that is, we set ¢;; = —l,-zj.

The direct Min-Cost assignment method of INMs has
been previously used in our group to study the vibrational
relaxation of the amide I mode and the CH stretchings of
NMAD in D,O solution by means of nonequilibrium MD
simulations [48, 49]. In some cases, this method may lead
to unphysical assignments when two or more INMs have
significant contributions of some ENMs with frequencies
quite apart. Reiterated crossed assignments of the INMs
give place in this case to critical displacements in their
averaged frequencies and to large uncertainties in their
vibrational energies. This behavior supposes, then, a seri-
ous problem in monitoring the vibrational energy stored in
a given mode, but can be avoided by restricting the
application of the Min-Cost algorithm to ranges of fre-
quencies of width Aw centered at the ENM frequencies .
Thus, only those INMs whose frequencies lie in the win-
dow (¢ —Aw/2,w¢ + Aw/2) are susceptible to being
assigned to the ith ENM. In practice, this restriction is
implemented by giving arbitrary high values to the corre-
sponding ¢; = —l,-2j matrix elements, thus eliminating the
possibility of them being included in the permutation
which minimizes the trace given by Eq. (17). Including
restrictions in the Min-Cost algorithm is expected to take
away some of the efficiency of the method at maximizing
the overlaps between the two sets of normal modes. The
optimal choice of the frequency window width Aw should
compromise then the smallest as possible decrease in the
averaged values of the highest l%ﬁ coefficients relative to
those obtained using the unrestricted Min-Cost algorithm
(Aw = o0), with the need to avoid any possible unphysical
assignments of the INMs that may arise.

2.3 Molecular dynamics simulations: application
to NMAD in DzO(l)

In order to study in depth the method proposed to assign
and identify the INMs of a polyatomic molecule in solu-
tion, we have conducted MD simulations of the NMAD
molecule (H;C-COND-CHj;) in D,O solution. The simu-
lations are performed by placing a NMAD molecule in a
cubic box of 1.975 nm length plus a number of 251 mole-
cules of D,0O chosen to reproduce the experimental den-
sity [72] (p = 1.10436 g/cm3). We use the AMBER force
field [73] to model the solute NMAD molecule, and the
flexible TIP3P water model with doubled hydrogen masses
included in the CHARMM [74] force field to represent the
D50 solvent. Subroutines of the TINKER modeling pack-
age [75] are also used in our code to evaluate the forces and
the potential energy function. Periodic boundary conditions

are imposed to simulate the bulk system, and a cutoff of 10
A s applied to non bonded interactions.

As in our previous works [48, 49], the coordinates used
to describe the NMAD molecule motions are the center of
mass vector for translations, the quaternions for rotations,
and the equilibrium normal modes to propagate the vibra-
tions. The deuterated molecules of the solvent are, in turn,
described using Cartesian coordinates. The equations of
motions are integrated using the leap-frog algorithm [76,
77], with a time step of 0.5 fs. The ENMs of the NMAD
molecule employed are those corresponding to the opti-
mized geometry of the trans-cc-NMA conformer, which is
the most stable as calculated using the AMBER force field.
These ENMs provide, in addition, normal modes frequen-
cies which are in good agreement with previously reported
values [63, 78, 79].

We have performed 16 NVT equilibrium MD simula-
tions of 1,250 ps started using random velocities. The
temperature was maintained at a mean value of 300 K by
coupling to a thermal bath [80] with a time constant of
0.1 ps. The last 500 ps of these trajectories were used to
collect the equilibrated configurations at 20 ps intervals.
Thus, 400 sets of initial positions and momenta were stored
for the subsequent non-equilibrium MD simulations, which
were performed in the NVE ensemble in order to avoid any
influence of velocity scaling on the results. Accordingly,
400 trajectories of 5 ps were propagated in order to obtain
reasonable statistics for all the quantities reported. An
additional set of 400 trajectories for the equilibrated
NMAD molecule in vacuo were propagated to compare
with the results obtained in solution.

3 Numerical results and discussion

To put the present study in perspective, we start by ana-
lyzing the ability of the ENMs to evaluate the vibrational
energy of the solute molecule in terms of their individual
contributions, as given by Eqs. (4) and (5). Accordingly, in

Table 1 we include the averaged kinetic (7F™M)

monic potential (VF&“) energies calculated from the
equilibrium MD simulations of the NMAD molecule both
in vacuo and in D,O solution. As observed, the values of
(TFNM) reproduce well, in both cases, the expected equi-
librium thermodynamic value at 300 K of kg7/2 = 104.3

cmfl, within the standard deviations calculated of about

ENM
Vi Jhar

and har-

+ 8 cm™'. In contrast, most of the ( ) values deviate
in one way or another from the thermodynamic value and,
as a consequence, the virial theorem, yvib — T“’ib, is not
fulfiled. This behavior is due to the strong anharmonicities
and couplings that emerge between the ENMs when the

solute molecule explores regions of the phase space which
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Table 1 Mean kinetic and harmonic potential energies (in cmfl) for the ENMs and INMs of the NMAD molecule in vacuo and in D,O solution

Mode NMAD in vacuo NMAD/D,O,

(7PN (VEM) (T ) (TP (VERM) (T (v
1 110.3 64.3 111.1 79.4 103.8 66.6 101.6 18.2
2 106.4 131.6 108.6 29.1 101.9 127.8 101.5 —16.3
3 105.4 96.3 107.6 454.0 101.1 94.5 101.0 -232
4 108.8 95.3 109.4 100.8 101.3 96.4 101.0 96.4
5 108.1 107.3 108.1 110.1 103.4 103.6 103.3 105.8
6 107.7 110.5 108.0 99.0 105.2 104.4 104.0 109.5
7 109.8 116.6 110.0 111.5 104.3 111.7 104.2 105.1
8 109.6 97.8 111.5 102.2 103.8 95.5 103.4 94.5
9 98.4 104.9 99.2 105.8 101.1 107.7 101.3 108.0
10 104.2 169.1 103.6 110.6 106.0 164.5 105.4 1125
11 106.0 1923 105.8 111.1 103.0 194.8 104.6 109.5
12 107.2 310.3 105.9 110.4 104.2 317.3 106.5 110.8
13 105.2 236.3 105.6 109.6 106.4 225.8 107.2 111.3
14 104.5 171.5 104.6 110.2 103.7 165.0 104.5 110.5
15 106.1 297.3 105.8 104.1 106.9 3135 107.2 105.1
16 105.0 9,510.9 106.5 108.9 105.5 9,095.4 105.0 106.8
17 106.8 259.6 107.3 96.6 103.3 267.5 104.6 94.2
18 106.8 2,951.5 106.2 100.6 104.8 2,744.5 104.1 98.9
19 106.3 7,044.2 106.5 106.8 105.1 7,097.3 104.1 104.8
20 106.0 177.1 106.5 102.8 103.2 163.7 103.2 99.0
21 106.6 9,856.6 105.6 106.6 102.7 10,312.0 103.8 104.0
22 106.0 21,296.9 106.1 1122 105.7 21,244.0 105.8 112.0
23 103.8 763.7 103.8 105.4 108.6 687.7 109.0 110.7
24 104.0 228.3 103.8 105.2 106.7 273.0 106.8 108.2
25 105.8 436,760.0 105.1 107.6 102.5 415,024.0 102.8 104.9
26 109.9 546,327.0 105.9 108.5 102.3 555,270.0 103.5 105.9
27 105.1 731.9 103.7 105.8 105.8 767.7 102.3 104.5
28 106.5 7353 105.2 107.2 102.2 860.8 102.3 104.5
29 103.9 592.5 103.9 105.9 102.4 570.1 102.7 104.7
30 103.6 591.7 102.8 104.8 102.9 618.9 103.1 105.0

are far from the equilibrium one, and it clearly limits the
interpretation of the vibrational energy content of the
individual ENMs based on their averaged kinetic energies

(TFNM) as proposed by Raff [81, 82]. We note also that the

ENM

differences between the values of ( har

) obtained in
vacuo and in solution are smaller than their corresponding
differences with the expected equilibrium kz7/2 value of
104.3 cm™'. This indicates that the deviations of (Vi)
from the equilibrium value come essentially from the

VENM

intramolecular contributions to (V.
;

), with only a minor
influence from the intermolecular interactions with the
solvent. From all this we see then that is not possible to
express the vibrational energy of the solute molecule
accurately, E¥®, as the sum of harmonic contributions of

the ENMs. Alternatively, this can be achieved by using the
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INMs through Eqgs. (15) and (16), as will be demonstrated
below.

Let us consider the use of the INMs to analyze the
vibrational dynamics of the solute. As commented above,
the identification of the INMs using just the frequency
order criterion is meaningless, due to the facility with
which the INMs mix and cross. To see this clearer in
Fig. 1, we display the evolution with time of a set of
NMAD INM frequencies during a short period of time of
an MD simulation. As Stratt et al. [36] have shown in pure
liquid dynamics [36], a multitude of crossings or avoided
crossings between the INMs frequencies seem to occur,
which rule out the use of frequency ordering to identify the
INMs. It is important to remark here that, while the pio-
neering studies of Stratt et al. [36] on liquid dynamics refer
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INM frequency (cm™)

time (ps)

Fig. 1 Evolution with time of the INM frequencies of the NMAD
molecule in a region roughly in the middle part of the spectrum,
obtained during a short-time interval of an MD simulation of the
NMAD in D,O solution at 300 K

to INM frequencies associated with weak intermolecular
potentials, our work deals with strong intramolecular
potentials.

While sorting the INMs by increasing frequencies is
therefore not sufficient to properly identify the INMs, the
use of their corresponding ll-zj values allows us to label them
according to their closeness to the ENMs. A more specific
example in this respect is presented in Fig. 2 where the
time-evolution of the 25th and 26th INM frequencies
during a time interval in which they approach each other is
shown, along with the overlap 11.2]- values of these INMs with
the 25th and 26th ENMs, which correspond to the NMAD
C-H stretching modes (v,(CH3)). As observed, the varia-
tions with time of the lizj values indicate that the INMs
exchange their identities three times in the time interval
considered, at t ~1.529, 1.538 and 1.548 ps. The behavior
of the frequencies during these exchanges is, in any case,
completely different. While at ¢ ~ 1.529 ps, the INM
frequencies become quasi-degenerated, seeming to indicate
that an avoided crossing is taking place, at t &~ 1.548 ps the
INM frequencies clearly cross each other. Interestingly, in
the third exchange of these INMs at t+ ~ 1.538 ps, their
frequencies keep relatively apart. This kind of avoided
crossing with separated frequencies are observed quite
often in our MD simulations and make the convenience of
using the lizj values instead of the frequency ordering of the
INMs to identify them over time definitely clear.

The Min-Cost algorithm provides the best global one-to-
one assignments of the INMs to the ENMs [48, 49]. This is
clearly shown in Fig. 3 where we depict the averaged LI
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Fig. 2 a Evolution with time of the 25th and 26th INM frequencies
of the NMAD molecule during a time interval in which they approach
each other for a single trajectory. b Evolution with time of the
corresponding values of the projection of these INMs on the 25th and
26th ENMs during the same time interval: 5 ,5 (black circles), s 54

(red circles), 1%6325 (black crosses), and 156‘26 (red crosses)

matrix calculated directly using Eq. (7) (upper panel) and
the transformed IL| matrix obtained after applying the Min-
Cost algorithm (lower panel). The sizes of the bubbles in
this Figure are proportional to the values of the averaged
I7;; matrix elements. As observed, the Min-Cost |L| matrix
is much more diagonal, which indicates that the corre-
sponding assignments are better.

As discussed above, the Min-Cost method is however
not free of unphysical assignments, which occurs when two
or more INMs turn out to share appreciable contributions
from ENMs with quite different frequencies. In the
NMAD/D,0 system, this is the case for the 1st, 2nd, 25th,
and 26th INMs, which share significant contributions of the
Ist, 2nd, 25th, and 26th ENMs as clearly shown in Fig. 3.
To see the effect of these erroneous assignments, in Fig. 4
we show the averaged values of the INM frequencies
obtained from the simulations using both the frequency
ordering criterion and the Min-Cost algorithm. As
observed, the Ist, 2nd, 25th, and 26th INM averaged fre-
quencies become nearly degenerated (& 1,400 cm™') when
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Fig. 3 Representation of the averaged |LI matrix connecting the
INMs to the ENMs of the NMAD molecule in D,O solution with the
INMs assigned (a) by frequency ordering, and (b) by using the Min-
Cost algorithm with Aw = 400 cm™". The sizes of the bubbles are
proportional to the values of the averaged I/;| elements
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Fig. 4 Averaged values of the INM frequencies of the NMAD
molecule in D,O solution obtained from the equilibrium MD
simulations using the frequency ordering criterion, and the Min-Cost
algorithm with no frequency restrictions (Aw = o00) and with a Aw =
400 cm™' frequency window

the Min-Cost algorithm is applied without restrictions due
to multiple crossed assignments. A similar problem is
detected in the 15th-20th and 27th-30th INMs. These

@ Springer

Table 2 Mean values of the highest contributions of the ENM:s to the
assigned INMs obtained using the frequency ordering assignment and
the Min-Cost algorithm with different window sizes Aw (in cm™)

Aw <l%f,» )
o0 0.55
1,000 0.50
800 0.49
600 0.47
400 0.47
200 0.45
Frequency ordering 0.32

anomalies all disappear when we use the restricted Min-
Cost algorithm presented in Sect. 2.2, in which only
assignments to normal modes with frequencies lying in the
window of width Aw are considered. This is also clearly
seen in Fig. 4, where we include as well the averaged
values of the INM frequencies obtained from MD simu-
lations carried out wusing a window of width
Aw = 400 cm™!, noting that they are closer to the mean-
ingful values provided by frequency ordering criterion.

In order to see how the size of the frequency window
influences on the efficiency of the Min-Cost algorithm, we
have carried out additional INM analysis using values of
Aw = 200, 400, 600, 800, and 1,000 cm ™! and calculated
the values of the lizfi averaged over all the INMs for each
window size which are included in Table 2. As expected,
the efficiency of the restricted Min-Cost algorithm, as
quantified by higher values of the lffx overlaps, increases
with the window width Aw, with the maximum at the
unrestricted Min-Cost algorithm. However, the variation of
the global averaged overlaps with Aw is relatively smooth,
with a total change in their values of only 0.05 in the whole
range of widths considered (200-1,000 cm_l). From these
results we consider that the 400 cm™' window is the
optimal one to prevent undesirable assignments without
sacrificing much of the efficiency of the Min-Cost algo-
rithm. We note also that the oscillations of the INM fre-
quencies usually lie within this window size [46]. The
improvements in the averaged l?fi overlaps provided by the

unrestricted (Aw = o), and restricted (Aw = 400 cm™")
min-Cost algorithms with respect to those given by the
frequency ordering criterion are also shown in Fig. 5.

At this point we should note that, despite the improve-
ments achieved in the INM assignments by the Min-Cost
algorithm, either restricted or unrestricted, there are INMs
which cannot be unambiguously assigned to a single ENM.
This is clearly observed in Fig. 3b where we distinguish
first a group composed of the 11th to 20th INMs, which
present significant contributions from the 11th to 20th
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Fig. 5 Averaged values of the lffi overlaps of the NMAD INMs

obtained from the equilibrium MD simulations using the frequency
ordering criterion, and the Min-Cost algorithm with no frequency
restrictions (Aw = oo) and with a Aw = 400 cm ™" frequency window

ENMs, thus forming a well-defined block in the middle of
the L matrix. This group is referred to as group a of modes
[48]. The analysis of the INM frequencies of this group
(see Fig. 4) shows that it is split in turn into two other well-
defined groups with frequencies nearly degenerated by
crossed assignments; these are the group a; containing the
11th to 15th INMs, which is mainly formed by the rocking
methyl ENMs and a backbone ENM mode, and the group
a, composed of the 16th to 20th INMs, which is mainly
formed by the bending methyl ENMs [78]. In a similar
way, Fig. 3b shows that the 25th and 26th INMs share
major contributions of the 25th and 26th ENMs, which are
mainly formed by the vy(CHj3) modes, and some minor
contributions of the 1st, 2nd ENMs, which correspond to
the 1(CH;3) modes [78]. These modes form the group b,.
Finally, the 27th to 30th INMs share contributions of the
27th to 30th ENMs forming the group b,, which is made up
of the more energetic stretching methyl ENMs [78]. It is
also clear from Fig. 3b that there are significant couplings
among the ENMs associated with the groups a; and a,, and
those of group b,, resulting in a mixed composition of the
corresponding INMs.

Let us consider now the usefulness of the properly
identified INMs to evaluate and analyze the content of
vibrational energy stored in the solute molecule. In Table 1
above, we have included the kinetic ((7/"™)) and harmonic
potential ((VINM)) energies of the NMAD INMs, both in

ihar
vacuo and in solution, calculated using Eqgs. (15) and (16).
As observed, in this case both energies for each INM agree
well, in general, with the equilibrium thermodynamic value
kgT/2 = 104.3 cm_l, in contrast to what occurs with the
ENMs. The INMs therefore satisfy the virial theorem. The
only exceptions here correspond to the first three INMs, for

which trajectories with negative force constants A; which
therefore give imaginary frequencies [48, 49] are found in
the MD simulations. When averaged, only the vibrational
frequencies of the two first of these modes remain imagi-
nary and their values are taken as negative as is usually
done [33, 35, 37]. A harmonic behavior for these three low-
frequency INMs cannot therefore be expected. Our previ-
ous results [48, 49] indicate, in any case, that these modes
are in fast equilibrium with the librations of the solvent,
which prevents the storage of significant amounts of
vibrational energy in them. We confirm then that the INMs
are indeed suitable to analyze the vibrational energy con-
tent of the solute in terms of its individual normal modes
contributions.

In order to investigate more deeply the relationships
existing between the INMs and ENMs, we have used the
ENM participation numbers P;" for each jth INM, which

according to previous works [83, 84] are defined as follows

-1
N

PENM — (Zl‘j) j=1,...,.N (18)
i=1

where N is the number of ENMs of the molecule. Values of
PP"M ~ N correspond to extremely mixed INMs with
equal contributions from every ENM, while values of
RFNM ~ 1 correspond to INMs that are practically identical
to their assigned ENMs. In Fig. 6 we show the values of
PJENM for the different INMs of the NMAD in D,O solu-
tion, calculated using both the frequency ordering criterion
and the Min-Cost algorithm with Aw = 400 cm™'. As
observed, while only two ENMs participate on average at
each low-frequency INM (1st—10th INMs), for the mid-

ENM participation number

0 T T T T T T
0 5 10 15 20 25 30

INM

Fig. 6 ENM participation numbers Pf™™ of the INMs of the NMAD
molecule in D,O solution obtained using the frequency ordering

criterion (red) and the Min-Cost algorithm with Aw = 400 cm™!
(black)
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range INMs belonging to the groups a; and a, the situation
changes noticeably. The participation numbers rise to
values ~5—6, which are slightly higher than the number 5
of INMs in each group. This small excess in the partici-
pation numbers is due to the minor contribution of the b,
ENMs to the a; and a, groups (see Fig. 3b). The INMs that
follow groups a; and a, become less mixed, with the 23rd
and 24th INMs being the most localized in the spectrum
with ENM participation numbers close to unity. Finally, for
the high-frequency b; and b, groups, the participation
numbers increase to values close to 3.5 and 4.5, respec-
tively, since they correspond, as shown in Fig. 3b, mainly
to a mixture of the ENMs associated with each group (2
and 4 respectively), plus a minor but significant contribu-
tion from groups a; and a,.

Figure 6 also shows that there are no significant differ-
ences between the ENM participation numbers calculated
using the frequency ordering criterion and the Min-Cost
algorithm. This behavior can be explained by considering
that, although the assignment by frequency ordering pro-
vides more mixed INMs than the Min-Cost algorithm,
these mixings take place between INMs with similar ENM
participation numbers. In order to clarify this point, we
have calculated the atomic participation numbers of the
normal modes defined by

N, -1
P = (Z ) (19)
i=1

where N, is the number of atoms in the molecule,

re = (ajg)2 + (afj)2 + (afj)2, and aj; (k=x,y,z2) are the
components of the ith atom in the jth eigenvector of the
Hessian matrix evaluated in the body fixed system. In this

case, Pj‘f“ ~ N, corresponds to normal modes equally dis-
tributed through all the atoms of the molecule, and Pj?“ ~ 1
corresponds to normal modes involving the displacement
of a single atom.

In Fig. 7, we plot the atomic participation numbers Pj‘t
calculated for the ENMs, and for the INMs obtained using
frequency ordering criterion and the Min-Cost algorithm.
We note first that, on average, the ENMs are only slightly

more localized ((PS") gy = 4.36 % 1.89) than the Min-

Cost INMs  ((P#) gy =461+ 141), but the former

present larger oscillations. The higher delocalization of the
INMSs is more pronounced in the high-frequency b, and b,
groups of modes since they include important contributions
from low and mid-range ENMs, as previously discussed.
Also, the oscillations of the P]‘T“ values for the ENMs are
comparatively more pronounced for the modes included in
groups a; and a,, due to the strong mixings existing in the
corresponding INMs.
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Fig. 7 Atomic participation numbers of the normal modes of the
NMAD molecule in D,O solution corresponding to a the ENMs, b the
INMs assigned by frequency ordering , and ¢ the INMs assigned using
the Min-Cost algorithm with Aw = 400 cm™!

When comparing the values of PJ‘T“ for the INMs
assigned by frequency order and by using the Min-Cost
algorithm, we observe first some differences in the low-
frequency regime (1st—6th INMs) indicating that INMs
with different values of P;“ cross, although the differences
in the PJ‘?“ values, while existing, remain on average close to

one unit. This behavior is also observed, but attenuated, in
the mid-range frequency regime. Interestingly, in the high-
frequency regime, no significant differences are observed
for the results obtained using both sets of INMs. Therefore,
the crossings between these modes occur between states
that present similar degrees of collectivity. In other words,
the INMs that commonly cross involve the motion of the
same atoms in the molecule. This finding, while obtained
for the specific case of the NMAD molecule in D,O
solution, seems to be a general behavior to be observed in
large polyatomic molecules, due to the well-known gradual
increase in the INM localization with frequency [26]. That
is, normal modes with similar values of P;." are likely to be
close when ordered by increasing frequencies.

The development of an algorithm able to identify the
INMs over time allows us to determine the time scale in
which the INMs retain their identities. This can be done by
computing the time-dependent INM autocorrelation func-
tion of each eigenvector Q™M(z), which is given by
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MM (A) = (MM ()M (1 + A))
T
7 [ MM (20)
0
where the overlap is
OMM(HONM(1 + A) = Zlk, Vit + A) (1)

Since the INMs are obtained by numerical diagonalization
of the Hessian matrix of the ENMs (see Eq. (7)), their signs
may change on account of an arbitrary choice of the phase,
and this complicates the evaluation of the INM autocor-
relation function. To address this problem, we have made
the definition of the INMs uniform by taking the /;; ele-
ments to be positive. Thus, if after diagonalization of the
Hessian matrix and application of the Min-Cost algorithm,
the value of [;; is negative, we change the sign of all
elements in the fith column.

In order to facilitate the comparison of the autocorre-
lation functions for the different INMs, we have used the
normalized autocorrelation function, defined as

CINM(A) — cINM
INM ! ieq

Chnorm (4) = Gt ) — e (22)
i ieq

where C;"M(0) = 1 and C{M is the asymptotic value of the
autocorrelation function for the ith INM. We have found

that the asymptotic value C; i is equal to the mean value

of the lizﬁ contributions of the ENMs to the assigned INMs,
since all the remaining contributions tend to cancel out
because they turn out eventually to have equally likely
opposite signs at long times.

In Fig. 8 we show the normalized autocorrelation
functions CNM (A) of the INMs of the NMAD molecule in

r,norm
D50 solution, arranged in groups with similar fluctuation
patterns. According to Fig. 3, these groups correspond to

. —_— 6:: INM
1" INM — 4" 8, INM
nd " 9" INM
MINM — s"mMm J| — 10"mwm
3" INM 7" INM

Fig. 8 Normalized 1.00
autocorrelation functions,
CcM (A) of the INMs of —
NMAD in D,O solution - _—
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=
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INMs modes which mix with each other over time. It is
interesting to note the marked oscillating character that the
autocorrelation functions of the 1st—23rd INMs have, with
periods of about 10-15 fs, in contrast with the much less
evident oscillations presented by the modes of the high-
frequency groups b; and b,. In the middle we also have the
particular case of the 24th INM. This is the amide A mode
and, as shown in Fig. 5, is the purest one, with the highest
averaged lﬁﬁ contribution in the spectrum. As observed in
Fig. 8, this mode also mixes with other INMs so that its
autocorrelation function oscillates with a period longer
than those of the other modes and closer to the oscillation
period of its own averaged vibrational frequency.

The oscillations in the autocorrelation functions of the
INMs make it difficult to obtain relaxation times that
characterize the loss of identity of the modes in a simple
way. Some trends are observed however in Fig. 8. Most of
the low and mid-range INMs undergo an initial fast decay
in the time scale of femtoseconds followed by a much
slower relaxation while the 8th, 9th, and 10th INMs show a
pronounced oscillatory slower decay. Meanwhile, the
decay of the autocorrelation function of the high-frequency
INMs slows down from the beginning, with INM lifetimes
in the range of 25-50 fs.

4 Summary and conclusions

In this paper, we have developed and discussed in depth a
new method to analyze the intramolecular vibrational
dynamics of polyatomic molecules in solution based on the
use of the instantaneous normal modes of the solute
molecule. To illustrate the method, we have carried out
equilibrium MD simulations of the vibrational dynamics of
the NMAD molecule in liquid D,0.

We have shown first that the vibrational energy of the
solute molecule cannot be accurately expressed as the sum
of the individual harmonic contributions of the equilib-
rium normal modes. The alternative is to use the INMs,
which requires of an efficient method to assign them in
order to track their identities as the whole system evolves
with time. The simple identification of the INMs by fre-
quency ordering is not useful in this respect due to the
multiple crossings and mixings that the modes undergo
over time. We therefore propose a novel identification
method of the INMs based on the use of the ENMs as
templates to establish a one-to-one correspondence
between both sets of modes through the highest values of
their overlaps. The maximum overlaps between both sets
of modes are found by using the so-called Min-Cost
algorithm, properly adapted to the maximization of the
trace of the overlap matrix. In addition, we impose
restrictions on the Min-Cost algorithm in order to avoid
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unphysical interchanges between two or more INMs which
share contributions of ENMs with very different vibra-
tional frequencies. These restrictions consist specifically of
applying the Min-Cost algorithm for each INMs in a fre-
quency window of width Aw centered at the value of
ENM vibrational frequency .

By using the INMs-based method proposed to study the
equilibrium vibrational dynamics of the NMAD/D,O,
system, we have shown first that the INMs of the NMAD
molecule can indeed be used to account for the vibrational
energy content stored in each individual mode and thus to
monitor the evolution with time of the vibrational energy of
the solute molecule. Second, we have demonstrated that the
Min-Cost algorithm improves the assignments of the INMs
of the NMAD molecule versus the simple frequency
ordering criterion and that the restricted Min-Cost algo-
rithm refines the identification of the INMs further by
avoiding unphysical assignments. For the NMAD/D,O,
system, a window of width Aw = 400 cm~! was found to
be optimal to prevent undesirable assignments without
sacrificing much of the efficiency of the Min-Cost method.
Third, it has been shown that some groups of INMs remain
quite mixed throughout the whole dynamics of the system,
so they can be perfectly identified as well-defined groups of
modes which interchange vibrational energy with the rest
of INMs. Participation numbers have been used in this case
to analyze the composition and nature of these groups.
Finally, we have calculated the autocorrelation functions of
the INMs, which tend asymptotically to the mean values of
the highest overlaps with the ENMs. The analysis of the
autocorrelation functions reveals that the INMs have short
lifetimes and that they can be gathered in groups with
similar fluctuation patterns.
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